Abstract. Homology of braid groups and Artin groups can be related to the study of spaces of curves. We completely calculate the integral homology of the family of smooth curves of genus g with one boundary component, that are double coverings of the disk ramified over n " 2g`1 points. The main part of such homology is described by the homology of the braid group with coefficients in a symplectic representation, namely the braid group Br n acts on the first homology group of a genus g surface via Dehn twists. Our computations shows that such groups have only 2-torsion. We also investigate stabilization properties and provide Poincaré series, both for unstable and stable homology.
Introduction
In this paper we consider the family of hyperelliptic curves E n :" tpP, z, yq P C nˆDˆC |y 2 " pz´x 1 q¨¨¨pz´x n qu.
where D is the unit open disk in C, C n is the configuration space of n distinct unordered points in D and P " tx 1 , . . . , x n u P C n . Each curve Σ n in the family is a ramified double covering of the disk D and there is a fibration π : E n Ñ C n which takes Σ n onto its set of ramification points. Clearly E n is a universal family over the Hurwitz space H n,2 (for precise definitions see [Ful69] , [EVW16] ).
The aim of this paper is to compute the integral homology of the space E n . The rational homology of E n is known, having been computed in [Che17] by using [CMS08] . The bundle π : E n Ñ C n has a global section, so H˚pE n q splits into a direct sum H˚pC n q' H˚pE n , C n q and by the Serre spectral sequence H˚pE n , C n q " H˚´1pBr n ; H 1 pΣ n qq. We use here that C n is a classifying space for the braid group Br n . The action of the braid group over the homology of the surface is geometrical: the braid group embeds (see [PV92, Waj99] ) into the mapping class group of the surface (with one or two boundary components according to n odd or even respectively) by taking the standard generators into particular Dehn twists. In this paper we actually compute the homology of this symplectic representation of the braid groups. Since the homology of the braid groups is well-know (see for example [Fuk70, Vaȋ78, Coh76] ) we obtain a description of the homology of E n . It would be natural to extend the computation to the homology of the braid group Br n with coefficients in the symmetric powers of H 1 pΣ n q. In the case of n " 3 a complete computation (in cohomology) can be found in [CCS13] .
Some experimental computations given in [MSV12] have led us to conjecture that H˚pBr n ; H 1 pΣ n ; Zqq is only 2-torsion for odd n.
Our main results are the following Theorem 1.1. (see Theorem 6.2, 7.6) For odd n :
(1) the integral homology H i pBr n ; H 1 pΣ n ; Zqq has only 2-torsion.
Date: September 12, 2017.
(2) the rank of H i pBr n ; H 1 pΣ n ; Zqq as a Z 2 -module is the coefficient of q i t n in the series r P 2 pq, tq " qt 3 p1´t 2 q 2 q ź iě0 1 1´q 2 i´1 t 2 i
In particular the series r P 2 pq, tq is the Poincaré series of the homology group à nodd H˚pBr n ; H 1 pΣ n ; Zqq as a Z 2 -module.
Theorem 1.2. (see Theorem 7.4, 7.7) Consider homology with integer coefficients.
(1) The homomorphism H i pBr n ; H 1 pΣ nÑ H i pBr n`1 ; H 1 pΣ n`1is an epimorphism for i ď n 2´1
and an isomorphism for i ă n 2´1
. (2) For n even H i pBr n ; H 1 pΣ nhas no p torsion (for p ą 2) when pi p´1`3 ď n and no free part for i`3 ď n. In particular for n even, when 3i 2`3 ď n the group H i pBr n ; H 1 pΣ nhas only 2-torsion.
(3) The Poincaré polynomial of the stable homology H i pBr n ; H 1 pΣ n ; Zqq as a Z 2 -module is the following:
We also find unstable free components in the top and top-1 dimension for even n (Theorem 7.5).
The main tools that we use are the following. First, we use here some of the geometrical ideas in [Bia16] , where the author shows that the H˚pBr n ; H 1 pΣ nis at most 4-torsion using some exact sequences obtained from a Mayer-Vietoris decomposition.
Second, we identify the homology groups which appear in the exact sequences with local homology groups of the configuration space C 1,n of n`1 points with one distinguished point. Such spaces are the classifying space of the Artin groups of type B, so we can use some of the homology computations given in [CM14] : our results heavily rely on these computations and we collect most of those we need in Section 3.
Some explicit computations are provided in Table 1 .
Notations and preliminary definitions
Along all this paper, when not specified, the homology is understood to be computed with constant coefficients over a ring R. Let p be a prime or 0 and let F be a field of characteristic p. We write M for the R-module of Laurent series Rrt, t´1s.
Let G A n-1 " Br n be the classical braid group on n strands and let G Bn be the Artin group of type B.
We write C n for the configuration space of n unordered points in the unitary disk D :" tz P C| |z| ă 1u. A generic element of C n is an unordered set of n distinct points P " tx 1 , . . . , x n u Ă D. In particular C 1 " D. The fundamental group of C n is the classical braid group on n strands G A n-1 " Br n and we recall that the space C n is a KpBr n , 1q (see [FN62] ).
Given an element P P C n , we can consider the set of points Σ n :" tpz, yq P DˆC|y 2 " pz´x 1 q¨¨¨pz´x n qu.
This is a connected oriented surface with one boundary component for n odd and with two boundary components if n is even. The genus of Σ n is g " n´1 2
for odd n and g " n´2 2
for n even. Hence we define the space E n :" tpP, z, yq P C nˆDˆC |y 2 " pz´x 1 q¨¨¨pz´x n qu.
Notice that E n has a natural projection π : E n Ñ C n that maps pP, y, zq Þ Ñ P. The fiber of π is the surface Σ n . It is natural to consider the complement of the n-points set in the disk: DzP. We have that H 1 pDzPq has rank n. The surface Σ n is a double covering of D ramified along P, hence it is natural to identify P as a subset of Σ n . We define Ą DzP :" Σ n zP as the double covering of DzP induced by Σ n Ñ D. Notice that for n odd H 1 p Ą DzPq has rank 2n´1. There is a projection E n p ÝÑ C nˆD given by p : pP, z, yq Þ Ñ pP, zq. Hence E n is a double covering of C nˆD ramified along the space C 1,n-1 :" tpP, zq P C nˆD |z P Pu. This is the configuration space of n´1 unordered distinct points in D with one additional distinct marked point. In particular the complement of C 1,n-1 Ă C nˆD is C 1,n , so the complement of p´1pC 1,n-1 q in E n is a double covering of C 1,n that we call Ą C 1,n . The fundamental group of C 1,n is the Artin groups G Bn . Moreover (see for example [Bri73] ) the space C 1,n is a KpG Bn , 1q.
Remark 2.1. Notice that the covering Σ n ãÑ E n π Ñ C n admits a global section (see Definition 4.1) and hence H˚pE n q " H˚pE n , C n q ' H˚pC n q and
We recall that the Z-module H 1 pΣ n q is endowed with a symplectic form given by the cap product. Moreover the action of π 1 pC n q on H 1 pΣ n q associated to the covering π preserves this form. This monodromy representation is induced by the embedding of the braid group π 1 pC n q in the mapping class group of the surface Σ n . Such a monodromy representation maps the standard genyerators of the braid groups to Dehn twists and is called geometric monodromy (see [PV92, Waj99] ). Hence we can consider H 1 pΣ n q as a π 1 pC n q " Br n -representation; we write also Sppgq :" H 1 pΣ n q, where g " n´1 2
for n odd, and g " n´2 2
for n even. The braid group Br n " G A n-1 maps on the permutation group S n on n letters. Hence the group Br n has a natural representation on Z n by permuting cohordinates. We write Γ n for this representation of Br n .
Homology of some Artin groups
We collect here some of the results concerning the homology of G An and G Bn with constant coefficients and with coefficients in abelian local systems. We follow the notation used in [CM14] .
Given an element x P t0, 1u n we can write it as a list of 0's and 1's. We identify such an element x with a string of 0's and 1's.
Recall the definition of the following q-analog and q, t-analog polynomials with integer coefficients:
for m ě 1,
rms q , r2ms q,t :" rms q p1`tq m´1 q, r2ms q,t !! :"
In the following we specialize q "´1 and we write
The homology of the Artin group of type G An with constant coefficients over the module M is computed by the following complex pC i pG An , Mq, Bq.
Definition 3.1.
where the boundary is defined by:
and if A and B are two strings BA0B " pBAq0B`p´1q |A| A0BB.
Assume that the group G Bn acts on the module M " Rrt˘1s mapping the first standard generator to multiplication by p´tq and all other generators to multiplication by 1. Then the homology of G Bn with coefficients on M is computed by the following complex pC˚pG Bn , Mq, Bq.
Definition 3.2. The complex C˚pG Bn , Mq is given by:
where M.x is a copy of the module M generated by an element x and x P t0, 1u n is a list of length n and |x| :" |ti P 1, . . . , n | x i " 1u|.
When we represent an element x that generates C˚pG Bn , Mq as a string of 0's and 1's, we put a line over the first element of the string, since it plays a special role, different from that of the complex C˚pG An , Mq.
The boundary Bx for C˚pG Bn , Mq is defined by linearity from the following relations:
B0A " 0BA,
and BA0B " pBAq0B`p´1q |A| A0BB.
Hence we have:
H˚pG An ; Mq " H˚pC˚pG An , Mq, Bq
Let Brpnq " G A n-1 be the classical Artin braid group in n strands. We recall the description of the homology of these groups according to the results of [Coh76, Fuk70, Vaȋ78] . We shall adopt a notation coherent with [DPS01] (see also [Cal06] ) for the description of the algebraic complex and the generators. Let F be a field. The direct sum of the homology of Brpnq for n P N " Z ě0 is considered as a bigraded ring ' d,n H d pBrpnq, Fq where the product structure
is induced by the map Brpn 1 qˆBrpn 2 q Ñ Brpn 1`n2 q that juxtaposes braids (see [Coh88, Cal06] ).
3.1. Braid homology over Q. The homology of the braid group with rational coefficients has a very simple description:
where deg x i " i`1 and dim x i " i. In the Salvetti complex for the classical braid group (see [Sal94, DPS01] ) the element x 0 is represented by the string 0 and x 1 is represented by the string 10. In the representation of a monomial x a 0 x b 1 we drop the last 0. For example the generator of H 1 pBrp4q, Qq is the monomial x 2 0 x 1 and we can also write it as a string in the form 001 (instead of 0010, dropping the last 0).
We denote by ApQq the module Qrx 0 , x 1 s{px 2 1 qrt˘1s. 3.2. Braid homology over F 2 . With coefficients in F 2 we have:
In the Salvetti complex the element x i is represented by a string of 2 i´1 1's followed by one 0. In the representation of a monomial x i 1¨¨¨x i k we drop the last 0.
We denote by ApF 2 q the module F 2 rx 0 , x 1 , x 2 , x 3 ,¨¨¨srt˘1s.
3.3. Braid homology over F p , p ą 2. With coefficients in F p , with p an odd prime, we have:
. .sq deg"n,dim"d where the second factor in the tensor product is the exterior algebra over the field F p with generators x i , i P N. The generator h has degree deg h " 1 and homological dimension dim h " 0. The generator y i , i P N has degree deg y i " 2p i and homological dimension dim y i " 2p i´2 . The generator x i , i P N has degree deg x i " 2p i and homological dimension dim x i " 2p i´1 .
In the Salvetti complex the element h is represented by the string 0, the element x i is represented by a string of 2p i´1 1's followed by one 0. We remark that the term Bpx i q is divisible by p. In fact, with generic coefficients (see [Cal06] ), the differential Bpx i q is given by a sum of terms with coefficients all divisible by the cyclotomic polynomial ϕ 2p i pqq. Specializing to the trivial local system, with integer coefficients we have that all terms are divisible by ϕ 2p i p´1q " p.
The element y i is represented by the following term (the differential is computed over the integers and then, after dividing by p, we consider the result modulo p):
3.4. Proposition 3.5. For p " 2 the Frts-module ' i,n H i pG Bn ; Frt˘1sq has a basis given by
and
where i ď i 1 ď¨¨¨i k , i ď h and the first kind of generators have torsion of order p1`tq while the second kind of generators have torsion or order p1´t 2 q 2 i´1 .
Proposition 3.6. For p ą 2 or p " 0, lef F be a field of characteristic p. For n odd the homology H i pG Bn ; Frt˘1sq is an Frts-module with torsion of order p1`tq.
The Proposition 3.6 above is a consequence of Proposition 3.4 and [CM14, Thm. 4.12], since both results provide a description of the module ' i,n H i pG Bn ; Frt˘1sq with generators with torsion of order p1`tq or p1´t 2 q k for suitable exponents k's. One can verify that when n is odd the torsion of the generators of degree n is always p1`tq.
Next we compute the homology groups and H˚pG Bn ; F 2 rts{p1´t 2using the explicit description of [CM14, Sec. 4.3 and 4.4]. As a special case of [CM14, Prop. 4 .7] we have the isomorphism
where the two summands are determined by the following exact sequence:
For odd n all the elements of H i pG Bn ; F 2 rt˘1sq are multiple of x 0 and hence have p1t q-torsion (see Proposition 3.5). Hence the multiplication by p1`t 2 q is the zero map and the generators of h 1 i pn, 2q and h i pn, 2q are in bijection with a set of generators of
In particular, from a direct computation (see [CM14, §4.4]) we have:
Proposition 3.7. For odd n the homology H˚pG Bn ; F 2 rts{p1´t 2is generated, as an F 2 rts-module, by the classes of the form
that correspond to the generators of h 1 i pn, 2q and
that correspond to generators of h i pn, 2q. Here 0 ď i 1 ď¨¨¨i k , c is even and both kind of generators have torsion p1`tq.
Here we do not provide a description of the generators of H i pG Bn ; Frt˘1sq for a field F of characteristic p ą 2 and we also avoid a detailed presentation of a set of generators of H i pG Bn ; Frts{p1`tqq and H i pG Bn ; Frts{p1´t 2for a generic field F. For such a description, we refer to [CM14] .
Since it will be useful in Section 5 and in particular in the proof of Lemma 5.6, we provide sets of elements B 1 , B 2 of the Z-modules H i pC 1,n ; Zq » H i pG Bn ; Zrts{p1`tqq and H i p Ą C 1,n ; Zq » H i pG Bn ; Zrts{p1´t 2for n odd, such that the following two condition are satisfied:
(i) B 1 (resp. B 2 ) induces a base of the homology of H i pC 1,n ; Qq (resp. H i p Ą C 1,n ; Qq); (ii) the images of the elements of B 1 (resp. B 2 ) in H i pC 1,n ; Z p q (resp. H i p Ą C 1,n ; Z p q) are linearly independent for any prime p.
Definition 3.8. Let n be an odd integer. We define the sets B 1 Ă H i pC 1,n ; Zq (for e " 1) and B 2 Ă H i p Ą C 1,n ; Zq (for e " 2) given by the following elements:
and r ω peq 2i,j,0 :"
and ω peq 2i,j,1 :"
and r ω peq 2i,j,1 :"
It follows from [CM14, §4.2] that the elements above provide a basis for H˚pC 1,n ; Qq (resp. H˚p Ą C 1,n ; Qq) for n odd (condition (i)). For condition (ii), one can check that the elements in B 1 and B 2 define, mod 2, a subset of the bases of H i pG Bn ; Z 2 rts{p1`tqq and H i pG Bn ; Z 2 rts{p1´t 2given in [CM14, §4.4] and, mod p for an odd prime, a subset of the bases of H i pG Bn ; Z p rts{p1`tqq and
Hence the following claim follows:
Proposition 3.9. For n odd the elements of B 1 (resp. B 2 ) are a free set of generator of a maximal free Z-submodule of H i pC 1,n ; Zq (resp. H i p Ą C 1,n ; Zq).
Proposition 3.10. Let n be an even integer. Let F be a field of characteristic 0. The Poincaré polynomial of H˚pG Bn ; Frts{p1´tqq is p1`n´1 and a base of the homology is given by the following generators
Proof. This follows from Proposition 3.4 and by studying the long exact sequence associated to
Exact sequences
We recall that the double covering π : Ą C 1,n Ñ C n has a continuous section s (see also [Bia16, p. 30]) that we can define as follows.
Definition 4.1. Given a monic polynomial p with n distinct roots x 1 , . . . , x n such that |x i | ă 1 for all i we can map
here we choose a ppzq as a continuous function as follows: since ppzq " ś i pz´x i q is a product of complex numbers with pz´x i q ą 0, we can choose ? z´x i to be the unique square root with ? z´x i ą 0 and hence we can define
Clearly the section s : C n Ñ Ą C 1,n is a continuous lifting of the section s : C n Ñ C 1,n that maps p Þ Ñ pp, zq. The homology map s˚is injective and the short exact sequence
Moreover the same argument applied to the section s for π : C 1,n Ñ C n implies that we have the splitting
Remark 4.2. Let σ : Ą C 1,n Ñ Ą C 1,n the only nontrivial automorphism of the double covering Ą C 1,n Ñ C 1,n . We can obviously define another section s 1 : C n Ñ Ą C 1,n such that σs " s 1 , σs 1 " s. Hence we can include S : C nˆt 1,´1u ãÑ Ą C 1,n and the restriction of σ exchanges the components C nˆt 1u and C nˆt´1 u. Hence we can understand the inclusion s : C n ãÑ Ą C 1,n in homology via the following diagram:
and the composition is injective.
Remark 4.3. If n is odd the two sections s, s 1 are homotopic. In fact we can define in a unique way a continuous family of maps s t : C n Ñ Ą C 1,n such that s 0 " s and
ince ppz t q is a product of n factors it is clear that for n odd we have s 1 " s 1 . As a consequence s˚" s 1˚.
According to Bianchi ([Bia16] ) we consider the following decomposition. The space E n is the union of the double covering Ą C 1,n and a subset diffeomorphic to C 1,n-1 . Let N be a small tubolar neighborhood of C 1,n-1 in E n and let M be the closure of its complement in E n . The complement M is homotopy equivalent to Ą C 1,n , while BN " M X N is diffeomorphic to C 1,n-1ˆS
1 . Moreover M contains a subspace C n " spC n q Ă E n . Hence there is a relative Mayer-Vietoris long exact sequencë¨¨Ñ
hat is equivalent to the following long exact sequence:¨¨Ñ
otice that from Kunneth decomposition the restriction of the map ι induces an isomorphism between the terms (again, see also [Bia16, Lem. 58]):
ι : H i pC 1,n-1 q Ñ H i pC 1,n-1 q and the restriction of ι to the second summand H i´1 pC 1,n-1 q b H 1 pS 1 q maps to zero if we project to the term H i pC 1,n-1 q. Hence we can simplify our exact sequence as follows:¨¨Ñ
We already know that C 1,n is a classifying space for the Artin group of type B n , and hence we have:
H i pC 1,n-1 q " H i pG B n-1 q. Moreover the forgetful map C 1,n-1 Ñ C n is a covering with generic fibre given by the discrete set P P C n and hence induces the isomorphism (see [Bia16, Lem. 8 
]):
H i pBr n ; Γ n q " H i pC n ; Γ n q » H i pC 1,n-1 q.
Recall that BN " S 1ˆC 1,n-1 . Hence with respect to the fibration BN Ñ C n , with fiber S 1ˆP , the monodromy action of Br n " π 1 pC n q on H 1 pS 1ˆP q is exactly the permutation action. It follows that we have isomorphic Br n -representations: H 1 pS 1ˆP q » Γ n . As we already noticed in Remark 2.1:
Then we can rewrite (6) as follows:¨¨Ñ
Actually we can see that (7) is the long exact sequence for the homology of the group Br n associated to the short exact sequence of coefficients
that follows from the Mayer-Vietoris long exact sequence associated to the decomposition:
Definition 4.4. We write p " pp 1 , tp 2 , . . . , p n uq for a point in C 1,n-1 and p :" tp 1 , . . . , p n u.
We define the map µ is given by
In order to understand H i´1 pBr n ; H 1 pS 1ˆPι Ñ H i´1 pBr n ; H 1 p Ą DzPqq we can consider the commuting diagram
where µ˚is induced by the map µ : C 1,n-1ˆS 1 Ñ C 1,n and J is induced by the inclusion
Thm. 12] Bianchi shows that H˚pC 1,n q " H˚pC n q ' H˚´1pC 1,n-1 q, where the first summand is the image of the map induced by the natural inclusion s : C n Ñ C 1,n and the projection to the first summand corresponds to the map induced by the forgetful map r : C 1,n Ñ C n . This argument is also implicit in [Vas92, Ch. 1, §5] since Vassiliev shows that H i pC n ; H 1 pDzPqq » H i pC 1,n-1 q and from the spectral sequence associated to the projection r : C 1,n Ñ C n (with sections) we get H i pC 1,n , C n q " H i´1 pC n ; H 1 pDzPqq.
In order to provide an explicit description of the homology homomorphism induced by µ, we give another proof of this splitting. We have the short exact sequence:
0 Ñ H i pC n q sÝ Ñ H i pC 1,n q Ñ H i pC 1,n , C n q Ñ 0 and since s is a section of r we have that the exact sequence splits and H i pC 1,n , C n q " kerrr˚: H i pC 1,n q Ñ H i pC n qs.
Let now define the decomposition C nˆD " C 1,n Y C 1,n-1ˆD , where we naturally identify C 1,n with a subset of C nˆD mapping p " pp 1 , tp 2 , . . . , p n`1 uq Þ Ñ ptp 2 , . . . , p n`1 u, p 1 q and where we identify C 1,n-1ˆD with a subset of C nˆD mapping
Clearly C 1,n X C 1,n-1ˆD » C 1,n-1ˆS 1 . Hence we get the associated Mayer-Vietoris exact sequence:¨¨¨Ñ
Since H i pC 1,n q decomposes as H i pC 1,n q " H i pC 1,n , C n q ' H i pC n q and the map H i pC 1,n q Ñ H i pC n q is surjective, with kernel given by H i pC 1,n , C n q, we have the isomorphism
Finally notice that H i pC 1,n-1ˆS 1 q " H i pC 1,n-1 q' H i´1 pC 1,n-1 q bH 1 pS 1 q and H i´1 pC 1,n-1 qb H 1 pS 1 q has trivial projection onto H i pC 1,n-1 q since it factors through
Recalling the definition of µ we obtain:
Proposition 4.5. The following groups are isomorphic
and the isomorphism is induced by the map µ.
The increasing filtration
" xA | A is a string that contains at least one 0 among the first i entries.y of the complex C˚pG Bn , Mq introduced in Definition 3.2 induces a spectral sequence
Remark 4.6. If the action of G Bn on the module M is trivial the spectral sequence collapses at E 2 . This fact can be proved with a quite technical argument: in fact one can see that all the non-zero differentials of the spectral sequence are divided by a coefficient p1`tq, where´t correspond to the action of the first standard generator of the group G Bn on the module M. In particular, if the action is trivial, all the differentials of the spectral sequence are trivial (see [CM14] for a detailed analysis of this spectral sequence). Another more elementary argument is the following: the splitting H˚pC 1,n q » H˚pC n q ' H˚´1pC 1,n-1 q induces the decomposition (see also [Gor78] ) H˚pC 1,n q " ' iě0 H˚´ipC n´i q that is isomorphic to the E 2 -term of the spectral sequence above and the same argument proves the splitting for any system of coefficients where the group G Bn acts trivially.
As a consequence of the previous remark the E 8 term of the spectral sequence given in (9) is isomorphic to the homology H˚pG Bn ; Mq. Moreover the maps s, r induce respectively the inclusion of the first column and the projection onto the first column of the spectral sequence.
Hence from the previous description of the spectral sequence and from Proposition 4.5 we have the following result.
Proposition 4.7. The image of µ˚corresponds to the direct sum of all the columns but the first in the spectral sequence (9) for H˚pC 1,n q.
Remark 4.8. Let F be a field of characteristic 0. Then for i ą 1 the map
Proposition 4.9. Let τ : H i pC 1,n q Ñ H i p Ą C 1,n q be the transfer map induced by the double covering Ą C 1,n Ñ C 1,n . The following diagram commutes:
Proof. Let σ k be a k-simplex in C 1,n-1 . Then p " σ k pqq is a point in C 1,n-1 and we write p " pp 1 , tp 2 , . . . , p n uq. Let Σ p " tpx, yq P C 2 | y 2 " px´p 1 q¨¨¨px´p n qu be the double covering of C ramified around p " tp 1 , . . . , p n u. Then if we consider the projection π : E n Ñ C n we have Σ p " π´1ppq. Let be the automorphism of E n that maps pp, x, yq Þ Ñ pp, x,´yq. It is clear that the restriction of to Ą C 1,n is the automorphism σ :
Let σ k be the projection of σ k to C n . The restriction of the tubolar neighborhood N to σ k is a trivial bundle. So we can define a parametrization γ p : r0, 1s Ñ BD p that is continuous in p. Then γ p represents a generator of H 1 pBD p q.
Let ζ be the standard generator of H 1 pS 1 q. Hence the map H i´1 pC 1,n-1 q b H 1 pS 1 q Ñ H i p Ą C 1,n , C n q is induced by mapping σ k bζ Þ Ñ σ kˆγ defined as pσ kˆγ qpq, tq " pσ k pqq, γ σ k pqq ptqq. We can replace γ p by γ
p where we define γ 1 p ptq :" γ p pt{2q and γ 2 p ptq :" γ p pp1`tq{2q, both for t P r0, 1s.
Hence we have that the map H i´1 pC 1,n-1 q b
1`γ2 q defined as above. Moreover pσ kˆγ 1 q " σ kˆγ 2 and pσ kˆγ 2 q " σ kˆγ 1 . Recall that µpp, e it q " pp 1`δ ppqe it , pq. Hence, up to a suitable choice of the tubular neighborhood N and of the parametrization γ, we can assume that
it " π x pγ 1 p ptqq. This implies that µ˚pσ k b ζq " σ kˆπx pγ 1 q " σ kˆπx pγ 2 q, where we define pσ kπ x pγ 1 qqpq, tq " pp 1`δ ppqe it , pq. It is now clear that σ kˆγ 1 and σ kˆγ 2 are both liftings of µ˚pσ k b ζq and since exchanges the two liftings, we have that the map τ : H i pC 1,n q Ñ H i p Ą C 1,n q is the transfer map induced by the double covering Ą C 1,n Ñ C 1,n .
In the case of n odd a different proof of Proposition 4.9 can be found in [Bia16, Lem. 58].
Proposition 4.10. The following diagram commutes:
where in the bottom row we are considering the map induced by the p1´tq-multiplication map C˚pG Bn , Rrts{p1`tqq Ñ C˚pG Bn , Rrts{p1´t 2 qq
Proof. The complex C˚pG Bn , RrZsq " C˚pG Bn , Rrt˘1sq computes the homology of the infinite cyclic cover Ą C 1,n Z associated to the homomorphism G Bn Ñ Z that maps the first standard generator to multiplication by p´tq and all other generators to multiplication by 1.
Hence the complex C˚pG Bn , RrZ 2 sq " C˚pG Bn , Rrts{p1´t 2computes the homology of the double cover Ą C 1,n and C˚pG Bn , Rq " C˚pG Bn , Rrts{p1`tqq computes the homology of C 1,n .
Since the non-trivial monodromy associated to the double cover Ą C 1,n Ñ C 1,n is induced by the first generator of G Bn , the transfer of a cycle in C˚pG Bn , Rrts{p1`tqq to a cycle in C˚pG Bn , Rrts{p1´t 2is given by the multiplication by p1´tq.
Remark 4.11. Recall the isomorphism H i p Ą C 1,n q » H i pG Bn ; Rrts{p1´t 2 qq. Let R be a field of characteristic p. For p ‰ 2 the second term decomposes as H i pG Bn ; Rrts{p1`tqq ' H i pG Bn ; Rrts{p1´tqq and moreover for n odd the term H i pG Bn ; Rrts{p1´tqq is trivial. Again, this follows from the fact that the module H i pG Bn ; Rrt˘1sq has p1`tq-torsion and from the homology long exact sequence associated to 0 Ñ Rrt˘1s 1´t ÝÑ Rrt˘1s Ñ Rrts{p1´tq Ñ 0.
In particular the homology groups H i p Ą C 1,n q » H i pG Bn ; Rrts{p1´t 2and H i pC 1,n q » H i pG Bn ; Rrts{p1`tqq are isomorphic and the isomorphis is induced by the quotient map Rrts{p1´t 2 q Ñ Rrts{p1`tq. Hence we can consider the commuting diagram
where the last vertical map is an isomorphism from the five lemma. From the right square we have that the map J corresponds to the homomorphism
associated to the inclusion G A n-1 ãÑ G Bn induced by C n ãÑ C 1,n . From the short exaxt sequence in the second row of the diagram above we have that the homomorphism J : H i pC 1,n q " H i pC 1,n , C n q ' H i pC n q Ñ H i pC 1,n , C n q is the projection on the first term of the direct sum.
Lemma 4.12. If p is an odd prime or p " 0 and R is a field of characteristic p, then the homomorphism
is invertible for n odd.
Proof. This follows since, for odd n, the homology group H i pG Bn ; Rrt˘1sq has p1`tqtorsion (see Proposition 3.6 ). For p ‰ 2 we have that H i pG Bn ; Rrts{p1´tqq " 0 (see Remark 4.11) and hence
and the map τ is equivalent to the multiplication map
ÝÑ H i pG Bn ; Rrts{p1`tqq and p1´tq is invertible.
Remark 4.13. The decompositions H i p Ą C 1,n q » H i pG Bn ; Rrts{p1´t 2" H i pG Bn ; Rrts{p1t' H i pG Bn ; Rrts{p1´tqq and H i pC 1,n q " H i pC 1,n , C n q ' H i pC n q give the following consequences for n odd and F a field of characteristic 0. Since H i pG Bn ; Rrts{p1´tqq has Poincaré polynomial p1`n´1 (Proposition 3.10) and since H˚pC n q has Poincarè polynomial p1`qq (see § 3.1), we have that the map
is an isomorphism for i ą 1. Moreover the argument of Lemma 4.12 implies that the map τ : H˚pC 1,n q Ñ H˚p Ą C 1,n q is injective and its cokernel has Poincaré polynomial p1`n´1 .
Proposition 4.14. Let n be even and F a field of characteristic 0. Then for i ą 1 the map ι : H i´1 pBr n ; H 1 pS 1ˆPÑ H i´1 pBr n ; H 1 p Ą DzPqq is injective and its cokernel has rank 1 for i " n´1, n´2 and 0 otherwise.
Proof. The result follows from Remark 4.8 and Remark 4.13.
Theorem 4.15. Consider the decomposition H i pC 1,n q " H i pC 1,n , C n q'H i pC n q associated to the inclusion s : C n ãÑ C 1,n and H i p Ą C 1,n q " H i p Ą C 1,n , C n q ' H i pC n q associated to the inclusion s : C n ãÑ Ą C 1,n . If n is odd the following inclusion holds:
τ pH˚pC nĂ H˚pC n q and for x P H˚pC n q we have that τ pxq " 2x.
Proof. Since τ is the transfer map, we can consider the following diagram:
where the left vertical map is the natural inclusion and the horizontal maps are 2 : 1 projections that induces the transfer map τ and its restriction to H˚pC n q. Then we have the following commuting diagram in homology:
Hence given a cycle x P H˚pC n q we have that τ s˚x " s˚x`s 1˚x " 2s˚x P H˚pC n q where the last equality follows because for n odd we have that s˚" s 1˚( see Remark 4.3).
As a consequence of the previous result and Lemma 4.12 we obtain the following.
Corollary 4.16. If p is an odd prime or p " 0 and R is a field of characteristic p and n is odd, then the projection on H i p Ą C 1,n , C n q of the restriction of the homomorphism τ to
is an isomorphism.
Proof. The corollary follows since under the stated conditions the homomorphism τ is an isomorphism (Lemma 4.12) and its restriction to H i pC n q maps to H i pC n q.
In order to prove the result concerning the odd torsion of the homology H i pBr n ; Sppgqq we need to understand the maps J in the diagram (10).
We have the following result.
Lemma 4.17. Let E 2 ij " H j pBrpn´iq; Rrts{p1`tqq ñ H i pG Bn ; Rrts{p1`tqq be the spectral sequence induced by the filtration F described above. The inclusion G A n-1 ãÑ G Bn induces the isomorphism of the term H j pG A n-1 ; Rrts{p1`tqq " H j pBrpnq; Rrts{p1`tqq with the submodule E 2 0j for all j. Proof. The Lemma follows since the inclusion C n ãÑ C 1,n maps the i-th standard generator of G A n-1 to the pi`1q-st standard generator of G Bn . Hence the image of the complex that computes the homology of G A n-1 is the first term of the filtration F.
Corollary 4.18. According to the decomposition H˚pC 1,n q " H˚pC n q ' H˚pC 1,n , C n q induced by the section C n ãÑ C 1,n and the projection π : C 1,n Ñ C n we have that the image of µ˚corresponds to H˚pC 1,n , C n q.
Proof. This follows from Lemma 4.17 and Proposition 4.7, since, as seen in Remark 4.6, the spectral sequence of Lemma 4.17 collapses at the page E 2 .
Theorem 4.19. Let n be an odd integer and let g " pn´1q{2 and let Sppgq " H 1 pΣ n ; Zq be the integral symplectic representation of the braid group Br n . Then the homology H i pBr n ; Sppgqq is a torsion Z-module with only 2 j -torsion.
Proof. From the description of the map µ˚(Proposition 4.5 and Corollary 4.18), the results about the map τ (Proposition 4.9, Lemma 4.12, Corollary 4.16) and Remark 4.11 concerning the map J we have that the map ι in diagram (10) is an isomorphism for n odd and p ‰ 2. The result follows from the exact sequence of diagram (7).
A first bound for torsion order
In this section we focus on the torsion of order 2 j in the integral homology H i pBr n ; H 1 pΣ n qq. We prove that torsion appears with order at most 4.
Lemma 5.1. Let R " Z. The homology H i pC 1,n q » H i pG Bn ; Rrts{p1`tqq has no 4-torsion.
Proof. As seen in Remark 4.6, we have a splitting H q pC 1,n ; Zq "
Moreover we have that the integer cohomology of braid group has no p 2 torsion for any prime p ([Vaȋ78, Thm. 3]). Hence the result follows from the universal coefficients formula.
Lemma 5.2. Let R " Z. For n odd, the homology H i p Ą C 1,n q » H i pG Bn ; Rrts{p1´t 2has no 4-torsion.
Proof. It will suffice to show that the dimension over F 2 of the homology of the complex pH˚pG Bn ; F 2 rts{p1´t 2 qq, β 2 q, where β 2 is the Bockstein homomorphism, is the same as the dimension over Q of H˚pG Bn ; Qrts{p1´t 2(see [Hat02, Thm. 3E.4] ). According to [Leh04, Thm. 6.1, case r " 2 and n odd], the Poincaré polynomial of the homology groups H˚pG Bn ; Qrts{p1´t 2is P pG Bn , tq " p1`tqp1`t`t 2`¨¨¨`tn´1 q.
The explicit computation of the Bockstein homomorphism β 2 of the homology group H˚pG Bn ; F 2 rts{p1´t 2is the following. Let
be the short exact sequence of coefficients. Then (see Prop. 3.7)
and hence, using the notation introduced in Proposition 3.7 we have
for all generators of the form given in (4). Moreover
for all generators of the form given in (5).
Definition 5.3. Let a, b be two non-negative integers, with a P N ą0 , b P t0, 1u. Let I " pi 1 , . . . , i k q, J " pj 1 , . . . , j h q, where we assume that:
for all s P 1, . . . , k there exists an integer t P 1, . . . , h such that i s`1 " j t We define the following sub-modules of H˚pG Bn ; F 2 rts{p1´t 2 qq: Lemma 5.5. Let PrJs be the chain complex with F 2 coefficients associated to the boolean lattice of the subsets of J. The complexes pMpc, a, b, I, Jq, β 2 q and p r Mpc, a, b, I, Jq, β 2 q are isomorphic to PrJs. In particular if J ‰ H the complexes pMpc, a, b, I, Jq, β 2 q and p r Mpc, a, b, I, Jq, β 2 q are acyclic.
Proof of the Lemma 5.5. Let first construct an isomorphism θ between the boolean complex PrJs and the complex Mpc, a, b, I, Jq. We can map the generator e K of PrJs associated to a subset K of J to the element
where px jt q " x jt if j t R K and px jt q " x 2 jt´1 if j t P K. It is easy to check that θ˝d " β 2˝θ . Similarly we can construct an isomorphism θ 1 : PrJs Ñ r Mpc, a, b, I, Jq with
We recall from Proposition 3.7 that the elements of the form r γpz c , x 0 x i 1¨¨¨x i k q and γpz c , x 0 x i 1¨¨¨x i k q are a free set of generators of H˚pG Bn ; F 2 rts{p1´t 2 qq. We claim that for any pair of distinct modules Mpc, a, b, I, Jq or r Mpc, a, b, I, Jq we have disjoint set of generators. The case of modules of the form Mpc, a, b, I, Jq can be proved as follows (the case of modules of the form r Mpc, a, b, I, Jq is analogous). Let
with px jt q " x jt or x 2 jt´1 be a generator of Mpc, a, b, I, Jq. We can choose an element γ 1 of the form
such that γ 0 appears as a summand in β 2 pγ 1 q. The constrains on the multi-indexes I and J and formula (12) imply that such an element γ 1 exists if and only for at least one index l we have that px
. If such an element γ 1 exists we have that γ 1 P Mpc, a, b, I, Jq and we say that γ 0 lifts to γ 1 . Hence in a finite number of steps we have that γ 0 lifts to
This implies that an element γ 0 does not belong at the same time to two different modules Mpc, a, b, I, Jq and Mpc 1 , a 1 , b 1 , I 1 , J 1 q. Therefore the modules Mpc, a, b, I, Jq for all admissible c, a, b, I, J are in direct sum and the modules r Mpc, a, b, I, Jq for all admissible c, a, b, I, J are in direct sum. Moreover every generator r γpz c , x 0 x l 1¨¨¨x l k q or γpz c , x 0 x l 1¨¨¨x l k q appears in a suitable complex Mpc, a, b, I, Jq or r Mpc, a, b, I, Jq. Let us prove this in the case of a generator of the form r γpz c , x 0 x l 1¨¨¨x l k q, the other case being analogous. We can write the monomial x 0 x l 1¨¨¨x l k as x pq 1 q 1¨¨¨x pq r qr with q 1 ă q 2 ă¨¨¨ă q r . Then we define the strictly ordered multi-index J as follows: j P J if and only if j ą 1 and one of the following conditions is satisfied:
(1) p j is odd; (2) p j " 0 and p j´1 is even and non-zero. Moreover if p j is odd we set px j q " x j , otherwise we set px j q " x 2 j´1 . Next we define the multi-index I suitably in the unique way such that
pq r qr q " " γpz c , x 0 x l 1¨¨¨x l k q and that the multi-indexes I and J satisfies the condition of Definition 5.3.
Hence h i pn, 2q is the direct sum of all admissible modules Mpc, a, b, I, Jq and h 1 i pn, 2q is the direct sum of all admissible modules r Mpc, a, b, I, Jq and we recall (equation (3)) that
. This direct sum decomposition implies that the homology H β 2 of the complex pH˚pG Bn ; F 2 rts{p1´t 2 qq, β 2 q is given as follows:
for c even, a P N ą0 , b P t0, 1u. In fact if J " H then also I " H and for all non-empty J we have from Lemma 5.5 that the complexes pMpc, a, b, I, Jq, β 2 q and p r Mpc, a, b, I, Jq, β 2 q are acyclic.
Using Remark 5.4 it is easy to check that the complex H β 2 has Poincaré polynomial p1`tqp1`t`t 2`¨¨¨`tn´1 q, hence the lemma follows.
Lemma 5.6. Let R " Z. For n odd the cokernel of the homomorphism
has no 4-torsion.
Proof. We recall that in Definition 3.8 we introduced the sets B 1 Ă H i pC 1,n ; Zq and B 2 Ă H i p Ą C 1,n ; Zq. As stated in Proposition 3.9, these are free sets of generators of a maximal free Z-submodule of H i pC 1,n ; Zq and H i p Ą C 1,n ; Zq respectively. To describe the cokernel we see that the map τ : H i pC 1,n ; Zq Ñ H i p Ą C 1,n ; Zq acts on the elements of B 1 as follows:
Hence the homomorphism τ acts diagonally and maps each element of B 1 to 1 or 2 times the corresponding element of B 2 . Since the Z-modules H i pC 1,n ; Zq and H i p Ą C 1,n ; Zq have no 4-torsion and τ is an isomorphism mod p for any odd prime, it follows that, with integer coefficients, the cokernel of τ has no 4-torsion.
Let us consider homology with coefficient in the ring R " Z. As stated in Corollary 4.18, the image of µ˚is the submodule H i pC 1,n , C n q in H i pC 1,n q and we consider the composition ι " J˝τ˝µ˚:
Lemma 5.7. For odd n the cokernel of the composition J˝τ˝µ˚has no 4-torsion.
Proof. First we can consider the homomorphism s˚: H˚pC n q Ñ H˚pC 1,n q induced by the inclusion s : C n ãÑ C 1,n , the decomposition H˚p Ą C 1,n q " H˚pC n q ' H˚p Ą C 1,n , C n q, with π 1 and π 2 " J respectively the projections on the first and the second summand, and hence the map τ 11 : H˚pC n q Ñ H˚pC n q defined by the composition
We can consider the following diagram:
H˚pspC n q \ s 1 pC ni / / H˚pC n q
From Theorem 4.15 we have that that τ 11 " 2Id H˚pCnq and π 2 τ s˚pH˚pC n" 0. Now, let x 2 P H˚p Ą C 1,n , C n q and let τ 22 : H˚pC 1,n , C n q Ñ H˚p Ą C 1,n , C n q be the map induced by τ by restricting to H˚pC 1,n , C n q and projecting to H˚p Ą C 1,n , C n q. If there exists y P H˚pC 1,n q such that π 2 τ pyq " 4x 2 , then let x 1 :" π 1 pτ pyqq. We can consider´x 1`2 y P H˚pC 1,n q and we have that τ p´x 1`2 yq "´2x 1`2 px 1`4 x 2 q " 8x 2 . Since the cokernel of τ has only 2-torsion it follows that 2x 2 " 0 in coker τ and finally, since π 2 τ s˚pH˚pC n" 0, 2x 2 " 0 in coker τ 22 .
From Lemma 5.1 and 5.7 we have that, with integer coefficients, the kernel and the cokernel of the map ι : H i´1 pBr n ; H 1 pS 1ˆPÑ H i´1 pBr n ; H 1 p Ą DzPqq in diagram (7) have no 4-torsion. Hence we have (see also [Bia16] ):
Theorem 5.8. For n odd the homology H i pBr n ; H 1 pΣ ncomputed with coefficients in the ring R " Z has torsion of order at most 4.
No 4-torsion
In this section we will show that the homology H i pBr n ; H 1 pΣ nfor n odd actually has only 2-torsion.
In order to prove this we will consider the following short exact sequence associated to (7), with coefficients in Z 2 and in Z. 0 Ñ coker ι Ñ H i pBr n ; H 1 pΣ nÑ ker ι Ñ 0 Let us fix the number n. From Theorem 5.8 we can assume that H i pBr n ; H 1 pΣ n ; Zqq " Z 
Hence we can compute the rank of the modules above. A basis of the homology H i pBr n ; H 1 pS 1ˆP ; Z 2is given as follows. Following [CM14] , the homology H˚pG Bn ; F 2 rts{p1`tqq for n odd is generated, as an F 2 rts-module, by the classes of the form
where we assume 0 ď i 1 ď¨¨¨i k and c even.
In particular the image of µ˚if generated by all elements r γ 1 pz c , x 0 x i 1¨¨¨x i k q and all elements γ 1 pz c , x 0 x i 1¨¨¨x i k q with c ą 0.
As seen in Section 5 the homology H˚pG Bn ; F 2 rts{p1´t 2for n odd is generated, as an F 2 rts-module, by the following classes already introduced in (4) and (5):
`tq where we assume 0 ď i 1 ď¨¨¨i k and c even. The kernel of J is generated by the classes γpz c , x 0 x i 1¨¨¨x i k q for c " 0 as one can see that these classes generate the image of s˚.
The map τ acts as follows:
Remark 6.1. A basis of cokerpι i : H i pBr n ; H 1 pS 1ˆP ; Z 2Ñ H i pBr n ; H 1 p Ą DzP; Z 2is given by the elements γpz c , x 0 x i 1¨¨¨x i k q with c ą 0, of degree n and homological dimension i`1, while a basis of kerpι i : H i pBr n ; H 1 pS 1ˆP ; Z 2Ñ H i pBr n ; H 1 p Ą DzP; Z 2is given by the elements γ 1 pz c , x 0 x i 1¨¨¨x i k q with c ą 0, of degree n and homological dimension i`1. In particular, in order to have odd degree c must be even. Clearly this two basis are in bijection and we have u i " v i .
In order to describe the corresponding map with integer coefficient we recall that in Section 5 we described basis B 1 , B 2 generating the homology of H i pC 1,n ; Qq and H i p Ą C 1,n ; Qq and spanning a maximal free Z-submodule of H i pC 1,n ; Zq and H i p Ą C 1,n ; Zq. The action of τ with respect to these basis is given in equations (13-16). The elements of B 1 (resp. B 2 ) of the form ω p1q 2i,j, (resp. ω p2q 2i,j, ) map, modulo 2, to elements of the form γ 1 (resp. γ) and in particular the elements the form ω p1q 2i,j, (resp. ω p2q 2i,j, ) with i " 0 map to elements of the form γ 1 pz c , . . .q (resp. γpz c , . . .q) with c " 0. The elements of B 1 (resp. B 2 ) of the form r ω p1q 2i,j, (resp. r ω p2q 2i,j, ) map, modulo 2, to elements of the form r γ 1 (resp. r γ). Let
From the Universal Coefficients Theorem and from the description of τ given in equations (13-16) we have that
Then it is straightforward to see that Theorem 6.2. For odd n the homology H i pBr n ; H 1 pΣ n ; Zqq has only 2-torsion.
Stabilization and computations

Stablization results. Applying the results of Wahl and Randal-Willians ([WR14])
for the stability of family of groups with twisted coefficients it is possible to prove that the groups H i pBr n ; H 1 pΣ nstabilize for all i. In particular (see see [Bia16, Thm. 52]) the map H i pBr n ; H 1 pΣ nÑ H i pBr n`1 ; H 1 pΣ n`1is an epimorphism for i ď n 2´1 and an isomorphism for i ď n 2´2
. In this section we will prove a slightly sharper result using the explicit description of the homology.
Definition 7.1. The stabilization map st : C 1,n Ñ C 1,n`1 is given by pp 1 , tp 2 , . . . , p n`1 uq Þ Ñ pp 1 , tp 2 , . . . , p n`1 , 1`max 1ďiďn`1 p|p i |q 2 uq
We recall that C 1,n is a classifying space for G Bn , that is the a) If p " 2 st˚is epimorphism for 2i ď n and isomorphisms for 2i ă n. b) If p ą 2 st˚is epimorphism for ppi´1q p´1`2 ď n and isomorphisms for ppi´1q p´1`2 ă n. c) If p " 0 st˚is epimorphism for i`1 ď n and isomorphisms for i`1 ă n.
Theorem 7.5. For n even the groups H i pBr n ; H 1 pΣ n ; Zqq are torsion, except for i " n´1, n´2 where H i pBr n ; H 1 pΣ n ; Qqq " Q.
Proof. The result follows from Proposition 4.14 and, for i ă 2, from the stabilization Theorem 7.4. For n " 4 the result follows from a direct computation.
In Table 1 we present some computations of the groups H i pBr n ; H 1 pΣ n(with integer coefficients). The computations are obtained using an Axiom implementation of the complex introduced in [Sal94] . n i 1 2 3 4 5 Table 1 . Computations of H i pBr n ; H 1 pΣ n qq. For each column the first stable group is highlighted. 7.2. Poincaré polynomials. We use the previous results to compute explicitly the Poincaré polynomials for odd n. Theorem 7.6. For odd n, the rank of H i pBr n ; H 1 pΣ n ; Zqq as a Z 2 -module is the coefficient of q i t n in the series r P 2 pq, tq " qt 3 p1´t 2 q 2 q ź iě0 1 1´q 2 i´1 t 2 i
Proof. Let P 2 pBr n , H 1 pΣ n qqpqq be the Poincaré polynomial for H˚pBr n ; H 1 pΣ n ; Zqq as a Z 2 -module. Since we already know that for n odd the homology H i pBr n ; H 1 pΣ n ; Zqq has only 2-torsion, we can obtain P 2 pBr n , H 1 pΣ n qqpqq from the Universal Coefficients Theorem as follows. We compute the Poincaré polynomial P 2 pBr n , H 1 pΣ n ; Z 2 qqpqq for H i pBr n ; H 1 pΣ n ; Z 2and we divide by 1`q.
In order to compute P 2 pBr n , H i pΣ n ; Z 2 qqpqq we consider the short exact sequence 0 Ñ coker ι i Ñ H i pBr n ; H 1 pΣ n : Z 2Ñ ker ι i´1 Ñ 0 where we recall that ι i is the map ι i : H i pBr n ; H 1 pS 1ˆP : Z 2Ñ H i pBr n ; H 1 p Ą DzP : Z 2 qq.
Now it follows from the Remark 6.1 and from the description in Section 6 that for a fixed odd n the ranks of ker ι and coker ι are respectively the coefficients of q i t n in the following series:
P 2 pcoker ιq " P 2 pker ιq " qt 3 1´t 2 q 2 ź jě0 1 1´q 2 j´1 t 2 j Clearly the Polynomial for H i pBr n ; H 1 pΣ n : Z 2is given by the coefficient of t n in the sum P 2 pcoker ιq`qP 2 pker ιq and hence dividing by p1`qq we get our result.
The same argument of the previous proof can be applied in stable rank. From the Remark 6.1 the Stable Poincaré polynomial of both coker ι and ker ι with Z 2 coefficients is the following:
Since there is no free part in H i pBr n ; H 1 pΣ n ; Zqq all these groups have only 2-torsion. In particular for integer coefficients we get the following statement.
Theorem 7.7. The Poincaré polynomial of the stable homology H i pBr n ; H 1 pΣ n ; Zqq as a Z 2 -module is the following: 9`1 4q 10`1 7q 11`. . .
